The existence of multiple positive solutions about the singular second-order m-point boundary value problem ϕ (x) + h(x)f ϕ(x) = 0, 0 < x < 1, subject to some m-point boundary value conditions is considered. h(x) is allowed to be singular at x = 0 and x = 1.
Recently, the existence of multiple positive solutions for nonlinear ordinary differential equations has been studied extensively, and we refer the reader to [2, 3, 5, 6, 8, 9] . For the most part, each of the papers on the existence of triple positive solutions makes an application of the fixed point theorems by Leggett and Williams [7] and Avery [1] . In this paper, we apply the Avery Five Functional Fixed Point Theorem to obtain the existence of multiple positive solutions to the singular second-order m-point boundary value problem ϕ (x) + h(x)f ϕ(x) = 0, 0 < x < 1,
subject to the boundary value conditions
respectively, where 0 < ξ 1 < ξ 2 < · · · < ξ m−2 < 1, a i ∈ [0, ∞) and h(x) may be singular at x = 0 and x = 1. For the theory of cones in Banach spaces we refer to [4] . α is said to be a nonnegative concave functional on a cone P of a real Banach space E, if α : P → [0, ∞) and α(tx
for all x, y ∈ P and t ∈ [0, 1]. β is said to be a nonnegative convex functional on a cone P of a real Banach space E, if β : P → [0, ∞) and β(tx
Let γ, β, θ be nonnegative continuous concave functionals on P and α, ψ be nonnegative continuous convex functionals on P . For nonnegative real numbers l, a, b, d and c, define the convex sets
The following theorem is the Five Functional Fixed Point Theorem [1] , a generalization of the Leggett-Williams Fixed Point Theorem. 
then A has at least three fixed points x 1 , x 2 and x 3 in P (γ, c) with
In Banach space C [0, 1] in which the norm is defined by ϕ = max 0 x 1 |ϕ(x)|, we set
Suppose that
We first consider (1)- (2) and let
Denote under (H 1 )
It follows from [10] that if (H 1 )-(H 3 ) are satisfied, A : P → P is completely continuous and that if A has a fixed point ϕ = θ , then ϕ is the positive solution of (1)- (2) .
Take τ ∈ (0,
and
It is easy to see that σ 1
Theorem 2. Suppose that (H
where ε 0 1 with ε 0 h 0 h −1 τ σ 1 σ 2 a < c, then (1)-(2) has at least three nonnegative solutions in which there are at least two positive solutions.
Proof. Let l = 0, m = 1 and for ϕ ∈ P ,
It is easy to see that γ, β, θ are nonnegative continuous convex functionals on P and α, ψ are nonnegative continuous concave functionals on P . Moreover, α(ϕ) β(ϕ) and ϕ mγ (ϕ) for ϕ ∈ P . In the following we shall show that the conditions in Theorem 1 are satisfied with b = c.
Clearly we have
From (11), (12) and (15) we have that for ϕ ∈ P (γ , θ, α, a, b, c),
Therefore (i) holds. It is obvious that
It follows from (10) and (13) that for ϕ ∈ Q(γ , β, ψ, l, d, c),
Thus (ii) is true. Since
we have α(Aϕ) > a for ϕ ∈ P (γ, α, a, c) according to (16). This means that (iii) is satisfied. As far as (iv) is concerned, we notice that ψ(Aϕ) < l = 0 is impossible. By Theorem 1, A has at least three fixed points ϕ 1 , ϕ 2 and ϕ 3 in P satisfying
Therefore, (1)- (2) has at least three nonnegative solutions in which there are at least two positive solutions. 2
Then the singular three-point boundary value problem
has at least three positive solutions. For the case subject to the other boundary value conditions, we obtain the same existence results of multiple positive solutions as in Theorem 2. In the following we point out the differences briefly.
For the case subject to the boundary value condition (3), let
where k(x, y) is defined by (7) . For the case subject to the boundary value condition (4), let
Take
For the case subject to the boundary value condition (5), let
Take 
has at least three positive solutions.
Proof. Choose τ = (1)- (4) . It is easy to verify that the conditions in the theorem are satisfied. By Theorem 2 and f (0) > 0, we know that the singular three-point boundary value problem (23) has at least three positive solutions. 2
